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Mean-field minimization methods for biological macromolecules 
Patrice Koehl* and Marc Delaruet 

Simulations of macromolecular structures involve the 
minimization of a potential-energy function that presents 
many local minima. Mean-field theory provides a tool that 
enables us to escape these minima, by enhancing sampling 
in conformational space. The number of applications of this 
technique has increased significantly over the past year, 
enabling problems with protein-homology modelling and 
inverted protein structure prediction to be solved. 
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Abbreviations 
CM conformational matrix 
LES locally enhanced sampling 
MFA mean-field algorithm 
MFT mean-field theory 
SCI=O self-consistent ensemble optimization 
SCMF self-consistent mean field 

Introduction 
A major challenge in computational biology is the predic- 
tion of the native structure (that with the lowest energy) 
adopted by a macromolecule (nucleic acid or protein) 
in vivo. The search for this global minimum is hindered 
by the existence of multiple minima on the conformational 
energy surface [1]. It is easy to find the local minimum 
associated with a given conformation, but very hard to 
escape from this minimum in the process of searching 
for the global minimum. For simplified systems, such as 
lattice models of small peptides, this problem can be 
solved through an enumeration and energetic evaluation 
of all possible conformations [2"]. This method, however, 
is not suitable for the study of a larger system, such as 
a complete protein, because of the exponentially growing 
configurational space arising from the many possible ways 
in which the backbone and side chains of the protein can 
pack. For example, for a 50-residue protein in which each 
residue can adopt no more than five different states, a total 
of 9x 1034 conformations need to be tested. This would 
require years of calculation on even the fastest available 
supercomputers. Various procedures have been developed 
in an attempt to alleviate this problem. This review 
focuses on one of these procedures: namely, mean-field 
theory (MFT). 

In the first application of M F T  in protein simula- 
tion, presented by Elber and Karplus [3], approximate 

mean-field treatment of protein-ligand dynamics enabled 
detailed studies to be made of the diffusion path- 
ways of carbon monoxide through myoglobin. Finkel- 
stein and Reva [4] published another application of 
MFT: testing stable protein folds. Other applications 
followed: in particular, variants of M F T  were used to 
find minimum-energy conformations for the side-chain 
modelling problem [5 ,6"-9"] ,  for protein conformational 
optimization [10-12], for protein structure prediction on a 
lattice [13,14], for loop construction in protein homology 
modelling [15"°,16 °°] and for protein sequence design 
[17,18°°]. Here, we will focus on the application of M F T  
to side-chain prediction and sequence design. 

The mean-field theory 
We define the coordinate vector of all atoms in a 
molecular system as X. The probability of finding the 
molecular coordinates between X and X + dX is denoted 
by o(X)dX, where p(X) is the probability density of 
coordinates, normalized to 1. The total energy (E) of the 
system is given by 

E:  ~u(x)o(x)ax (1) 

where U is the potential energy function. If  the system 
contains one molecule with a unique conformation whose 
coordinates are X 0 [i.e. o(X)=8(X-X0)] ,  Equation 1 
becomes the following equation. 

E:U( X ° ) (2) 

The  native conformation of the molecular system is 
derived from the global minimum of E. The  search for this 
global minimum is hindered by the presence of numerous 
local minima. One way to alleviate this problem is to 
consider an effective, larger system as a computational 
tool to enhance the sampling protocol of the minimization 
algorithm. M F T  is one possible approach for efficiently 
studying this effective system. It is always based on the 
approximation that the probability density p is replaced by 
a product of independent probability densities of different 
subsystems, using a Hartree product [19]: 

J 

o(x): l]~j{xp 
j=] 

(3) 

As an example of such a partition into subsystems, a ligand 
and a protein can be considered separately [3,20]. Another 
example is the partition of a protein into backbone and 
side chains [5,6°°-9°°]. The effective system is then built 
by considering multiple copies of each subsystem j; each 
of the pj is expanded in delta functions: 
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K~ 
nj(xp= Z v(J.kp&xi-x'~,) 

k/=l  

(4) 

where kj runs over all Kj copies of the subsystem j. V(j,kj) 
are normalization factors verifying the following. 

Kj 
yv(j,~j) : l 

k s = I 

(5) 

For practical reasons, Kj is always finite. 

Substituting Equations 3 and 4 into Equation 1 and 
integrating over the spatial variables leads to the equation 
below. 

e<ss: y_, v(l, j) °)  
kj=l - 

j=l . . .>J  

For simplicity, we also assume that the potential function 
U can be written in pairwise form: 

J l 
u(x) = Zus(xj)+ Z Zua(x~,xp 

j=l j=li>) 
(7) 

in which case Equation 6 reduces to: 

J K s l K s J K~ 
Eeff= ~" ]~ V(j, kj)Uj(X~)+Y. ~ ~ ~ V(j kj)V(i, li)Uij(X~j X~) (8) 

j =  I kj = I j = l  kj =1 i>jl, =1 

which is the energy used in most M F T  applications 
discussed here. In a sense, the problem of finding the 
global minimum energy in the total configurational space 
is mapped to the problem of finding the minimum 
of this 'effective'  potential energy, which is the sum 
of real potential energies calculated at different points 
(obtained from the delta function expansions in Eqn 4) 
multiplied by normalization factors. They  correspond to 
all possible combinations of the coordinates for the various 
subsystems j. For example, there are KixKj alternative 
configurations of subsystems i and j that can be examined 
using a single configuration of the effective system. Roitberg 
and Elber [5] have demonstrated an important feature of 
EeW. namely, that the global minimum of the effective 
system described by the energy function Eeff coincides 
with that of the real system, which is described by a single 
configuration for each subsystem j. It also seems that the 
energy landscape corresponding to Eeff is much simpler 
than that of the original system. 

The  minimization of Eeff can be obtained by two 
different routes. Firstly, the normalization factors v are 
kept constant (usually taken as V(j, kj)= I/J, where J is 
the number  of copies for subsystem j); the positions of 
each copy for each subsystem are then optimized by 
solving Newton-like equations of motion. This procedure 
corresponds to the LES (locally enhanced sampling) 
protocol [3,21], as well as to the multicopy sampling 

proposed by Rosenfield et aL [22] and Zheng et aL 
[23]. Secondly the position of the various copies of the 
subsystems are supposed to be known and fixed in space 
(they correspond to the various possible rotamer states 
for a given side chain). The  effective system is then 
described by an array v, whose current element V(j,k) 
is the probability that subsystem j is described by its 
possible state k. In this case, the free energy function 
(F = Eef f -TS,  where S is the entropy of the system and 
T the temperature) is minimized with respect to the 
variables V(j,k) [4,24] and the probabilities V(j,k) for each 
copy k of subsystem j are obtained as: 

k=$ t--Tr ) 
(9) 

where W(j,k) corresponds to the molecular field potentials 
felt by the copy k in subsystem j as shown in the equation 
below. 

W(j,k) = c)v(j,k) (i0) 

The  system of Equations 8-10 is then iterated until 
convergence, that is, until self-consistency is achieved. 

Interestingly, Equations 9 and 10 have been indepen- 
dently derived by direct evaluation of the partition 
function Z using the saddle-point approximation for M F T  
applications of neural network minimization [13,25,26]. In 
these cases, Eeff and W ate generalized energies and k T  is 
a parameter. Neural networks based on M F T  have been 
applied to the problem of protein folding on a lattice [13]. 
The  original application of M F T  to neural networks is 
based on 

ex+ ) 
k l  ) \ ~1 ] 

( l l )  

instead of Equation 10 [27]. It should be mentioned 
that Equation 10 maintains the row normalization of the 
variables V(j,k), which is defined by Equation 5, whereas 
the use of Equation 11 requires that extra terms are added 
to the pseudopotential functions Uj in order to impose 
Equation 5. 

MFT as a tool for side-chain modelling in 
proteins 
The  major problem that hinders the prediction of 
side-chain conformations for a protein with a known 
backbone scaffold is of a combinatorial nature: a systematic 
search of all possible side-chain packings for even a small 
protein is computationally unrealistic. Different strategies 
have been proposed to solve this problem ([9°°]; Vfisquez, 
this issue, pp 217-221). 
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T h e  M F T  protocol described above is well adapted to 
this problem. A protein of M residues is separated into 
the framework (containing the backbone and P fixed side 
chains) and the N = M - P  side chains to be modelled, yield- 
ing N+I  ' independent '  subsystems. For each side-chain 
subsystem, multiple side-chain copies are connected to the 
same Cc(. An application of the LES protocol to refine 
the positions of these side-chain copies was described by 
Roitberg and Elber [5]. Recent  applications focus on the 
self-consistent optimization protocol. 

SCMF 
The  SCMF (self-consistent mean field) optimization 
method [6 °°] is a direct application of the M F T  described 
above. It is based on the rotamer library of Tuffery et a/. 

[28] and iteratively refines a conformational matrix (CM) 
of the side chains of a protein using Equations 9 and 10 
( C M  is identical to the array v defined above). During the 
refinement, the temperature is kept fixed at 300 K. The  
potential energy specified by U in Equation 8 includes 
12-6 van der Waals interactions as well as geometric 
constraints for disulphide bridge formation. After conver- 
gence, the rotamers with the highest probability in the 
self-consistent C M  are used to define the conformation 
of  the side chains, yielding levels of  accuracy similar to 
other automated side-chain modelling techniques. This 
accuracy is obtained at a much lower computational cost, 
which is found to vary only linearly with the size of the 
protein. The  optimized C M  can also be used to provide 
crude estimates of the conformational entropy of the side 
chain in the folded state of  the protein. Limitations of 
the SCMF procedure are related to the definition of the 
potential function (which does not include electrostatics, 
for example), the inherent problem related to the use of 
a discrete rotamer library (the ideal solution, in which all 
side chains have been replaced by their closest root mean 
square [rms] rotamer, does not always correspond to the 
minimum of the potential function), and the choicc of the 
side-chain conformations based on the self-consistent CM.  

SCEO 
SCEO (self-consistent ensemble optimization), another 
application of M F T  to the problem of packing side chains 
in proteins, was independent ly  described by Lee [7 °°] 
at the same time as the description of SCME SCEO 
is similar to SCME in that it also uses Equations 8-10, 
but it differs in that the temperature T is taken as an 
adjustable parameter. An equivalent to the C M  is refined, 
starting at T=oo (in which case C M  is uniform) and 
gradually cooling down to 0 K, using the self-consistent 
refinement at each temperature step. At 0K, only one 
copy of each subsystem has a non-zero probability. In 
practice, it was found that the cooling process could be 
stopped at 298K. Another way in which SCEO differs 
from SCMF is that it does not rely on a rotamcr library. 
Instead, torsional angles vary in the full range of rotations 
from 0-360 °, in 33 discrete steps of about 12°; a side chain 
defined by X1 and X2 is then defined by 1089 copies (this 

should be compared to a maximum of 16 based on the 
totamer library of Tuffery et  al. [28]). The  free rotation 
of the torsional angles imposes the addition of a torsional 
potential to the potential energy U. Because of the large 
numbers of  copies for each side chain, explicit integration 
of Equation 8 over all possible residue-residue interactions 
would require intensive computation. Instead, in SCEO, 
the mean field is approximated using an elegant Monte 
Carlo sampling biased by the residues' conformation 
probabilities included in CM.  Computations, however, are 
still limited to a small number  (N) of side chains to be 
modelled (typically six or eight). Predicted energies based 
on SCEO refinement of a series of nine mutants of  the 
hydrophobic core of the ;Z repressor protein correlated well 
with experimental free energies of unfolding. 

Mean-field algorithm 
Recently, V~isquez 19"'1 derived a third method, referred 
to as MFA (mean-field algorithm) for side-chain modelling 
using mean-field theory that starts in exactly the same way 
as the SCMF procedure, but follows a different mean-field 
Monte Carlo procedure to select the correct rotamer on the 
basis of  the self-consistent conformation matrix C M  for 
each residue to be modelled. Using this MFA protocol, a 
larger rotamer library and a 9-6 van der Waals potential 
(instead of the classic 12-6 potential), V~squez found 
significant improvements in protein side-chain modelling 
accuracy using this method compared to SCME 

MFT applications to protein sequence design 
In inverted protein design, one seeks protein sequences 
that arc compatible with a known three-dimensional 
structure. Two main issues have to be addressed in this 
procedure. Firstly, the combinatorial problem of testing 
all possible sequences on the structure cannot be solved 
systematically, except for small parts of the protein [29]. 
Secondly, a measure of the compatibility of a sequence 
with a given structure is needed. A possible approach to 
the first problem is based on M F T  and has been explored 
by Kono and Doi [18°°]. In their method, the protein is 
again divided into a framework and the N residues to 
be modelled, yielding N+I  subsystems. For each residue 
subsystem, multiple side chains are attached to the Ca,  
corresponding to all rotamers of all amino acids that 
could fit. Each copy is assigned a probability, and these 
probabilities are iteratively refined using Equations 9 and 
11 until self-consistency is reached. The  potential function 
U in Equation 8 contains a 12--6 van der Waals potential, 
as well as terms to maintain row normalization (Eqn 5) and 
to favour strongly stable states, in which only one copy per 
residue has a non-zero probability. The  initial probability 
matrix is chosen randomly, so as to generate a family of 
possible sequences. Though  the method is restricted to 
the interior core region, and the list of possiblc amino 
acids at each site is limitcd to six hydrophobic rcsidt, cs, 
it produces encouraging resuhs. "['he native seqt, ence is 
always recovered among the best refined sequences, which 
are all well packed. 
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Extension of this procedure to the full protein, where 
all twenty amino acids are allowed at each site, is 
computationally easy but conceptually not straightforward. 
Without any sequence composition constraint and with 
only van der Waals energetics, unrealistic sequences will 
be obtained, as observed when using other sequence- 
design techniques [30"•-33"]. Present theoretical efforts 
in sequence design focus more on the definition of 
the potential energy functions than on the minimization 
problem [34,35] (see also the two related reviews in 
this issue by Jernigan and Bahar [pp 195-209] and 
Thornton and Jones [pp 210-216]). In particular, it is not 
clear whether or not residue-residue statistical potentials 
derived from the Protein Structure Data Base can be used 
as real two-body potentials in Equation 8. 

Conclusions 
So far, M F T  applications have mainly been focused 
on modelling theoretical problems: side-chain modelling 
[5,6•=-9*•], loop design in protein modelling [15**,16=•], 
predicting protein mutant energetics [7•'], fitting a native 
structure to a lattice [13], and the protein folding 
[13,14] and inverse folding problems [17,18°°]. In fact, 
M F T  can be applied to any optimization problem in 
molecular structures. Protein structure calculations based 
on experimental NMR and/or X-ray crystallography data 
should also benefit from it; an application of multicopy 
sampling for X-ray crystallography has recently been 
described [36•']). 

Protein design will probably become a great challenge for 
MFT. The  problem in this area is to identify amino acid 
sequences with no obvious similarity to known sequences 
that would adopt a given three-dimensional protein fold. 
The  challenge arises from the seemingly limitless number 
of possible sequences from which to choose and M F T  can 
provide one solution to overcome this problem. 
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