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An analytic formula is developed for calculating the generalized NMR order parameters in a protein
from the normal mode analysis~NMA !. The generalized order parameter,S̃2, is given as thermal
ensemble average of a Taylor series in powers ofD, the displacement of internuclear vector from its
mean. Henry and Szabo developed a method to calculate the ensemble average based on the NMA
carried out in the Cartesian coordinate space~CCS!. However, atomic motions in each individual
CCS normal modes are linear in the three-dimensional space, which may cause interatomic
distances even between covalently bonded atoms to change significantly. In this situation Henry and
Szabo proposed to use a special formula forS̃2 which includes a trick to compensate such changes.
We showed that by carrying out the NMA in the dihedral angle space~DAS! and by interpreting
each DAS normal mode into curved atomic motions,S̃2 can be calculated reliably for spin pairs
separated up to about 10 intervening covalent bonds by a natural formula without any trick. ©1996
American Institute of Physics.@S0021-9606~96!02311-6#

I. INTRODUCTION

Nuclear magnetic resonance~NMR! has become a pow-
erful experimental method to determine three-dimensional
structures of proteins in solution. This power of NMR was
recognized when a set of interproton distance constraints
from NOE, which are individually rather crude, was realized
to have strong enough information to determine three-
dimensional structures of proteins.1,2 Thus, in the current
methods of structure determination, distance constraints are
first deduced from experimental NMR data, and then a num-
ber of three-dimensional structures which satisfy this set of
distance constraints are computationally obtained. Even
though these methods have great practical importance for
determining solution structures of proteins, they are unsatis-
factory from the theoretical point of view.

At first these methods are based on an implicit assump-
tion that a single microscopic rigid structure satisfies a set of
NMR data. In practice one calculates a number of such
single structures, which satisfy a given set of experimental
distance constraints equally well. However, it must be clearly
recognized that each of such single structures, not an en-
semble of them, is assumed to satisfy the experimental data.
One tends to feel that conformational variety among an en-
semble of such computationally obtained structures reflects
the real conformational flexibility. However, there is no firm
theoretical basis for this feeling.

The reality is that protein conformation is not rigid, but
quite flexible. And an ensemble of fluctuating conformations,
not a rigid single conformation, determines experimental

NMR data. An ideal method of protein structure determina-
tion from NMR data should be based on this fact. Such an
ideal method would enable us to determine not only an av-
erage structure but also an extent of conformational fluctua-
tions around it on a theoretically sound basis.

The method employed in the structure determination by
x-ray crystallography is better in this respect. There, protein
structure is described in terms of an average conformation
and fluctuation around it. Both of them, an average and fluc-
tuation, are described by theoretical models with a number of
adjustable parameters. By determining values of such adjust-
able parameters against experimental Bragg intensity data,
one gets information about an average and fluctuation around
it separately.

An important point in this structure determination is a
balance between the number of bits of information in the
experimental input data and that in values of output adjust-
able parameters. If the number of adjustable parameters is
too large, the theoretical model may overadjust to the experi-
mental data. An extreme of models with too many adjustable
parameters is found in a once-popular treatment in which
experimental data~such as Bragg intensities! are added as
pseudopotential energy terms to usual potential energy to
carry out molecular dynamics~MD! simulation. Because the
Newton’s equation of motion can find solution for a very
wide range of potential energy function, the number of ad-
justable parameter is essentially infinite in the models of
such treatment.3 This would manifest, for example, in the
case of x-ray crystallographic refinement by the fact that
R-factor can be rendered as small as desired by carrying out
MD simulation long enough. This is because molecular mo-
tions which perfectly satisfy even error-containing experi-
mental data can be created as a solution of the Newton’s
equation. In order that results of an analysis faithfully reflect
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the reality, the number of bits of information must be bal-
anced between input and output.

Not only the number of adjustable parameters in a theo-
retical model but of course reality of the model is important.
A model of the dynamic structure of proteins employed in
the conventional x-ray crystallographic refinement is that
each atom in a protein molecule fluctuates independently of
each other and isotropically in space. This model, even
though operationally easy to handle, is far from real atomic
motions observed for example in MD simulations. The
model of dynamical structure has been replaced by a realistic
one in the recently developed normal mode refinement~NM-
REF! method without increasing the number of adjustable
parameters.4–6 In this new model conformational fluctuations
are assumed to take place in ‘‘an important conformational
subspace’’ spanned by a relatively small number of low-
frequency normal mode vectors. This method has been suc-
cessfully applied for human lysozyme6 and its mutant.7 The
success of the application of the normal mode concept for
protein x-ray crystallography prompted similar efforts to in-
terpret NMR data. Most of such efforts have been made
along the line based on the ‘‘model-free’’ approach proposed
by Lipari and Szabo.8,9 They were concerned with NMR re-
laxation parameters, such asT1, T2, and NOE which are
given in terms of spectrum density functionJab~v! for each
pair of spins,a andb. They gave an explicit expression of
Jab~v! in terms of four quantities,R, S2, tM , andte , where
R is an average distance between the two spins,tM is the
correlation time of the overall tumbling motion of a protein
molecule,te is the correlation time of internal motion of the
molecule, andS2 is a parameter pertaining directional fluc-
tuation of interspin vector due to the internal motion. This
expression has a desirable character for developing a refined
method of structure determination from NMR experimental
data, because experimental observables are expressed in
terms of quantities pertaining to an average structure and an
extent of fluctuations around it.

In the case of normal mode refinement method of x-ray
protein crystallography, the Debye–Waller factor, a quantity
reflecting conformational fluctuation, is expressed in terms
of a relatively small number of variances and covariances of
low-frequency normal mode variables. In the line of such
efforts, we are concerned in this paper, an expression ofS2 in
terms of normal mode variables. In fact, Henry and Szabo
addressed this problem even before the success of NM-REF.
Our approach is based heavily on the method they devel-
oped. However, their approach is based on the normal mode
analysis carried out in the Cartesian coordinate space~CCS!.
Motions expressed by individual CCS normal modes are lin-
ear in space by definition. Such linear motions bring forth to
internuclear distance changes even for a pair of spins of at-
oms covalently bonded to each other. Henry and Szabo real-
ized that such artificial distance changes cause some troubles
in the calculation ofS2. To solve this problem they invented
a clever trick of using a special formula forS2, which is
designed for not being influenced by the artificial distance
changes occurring in the CCS normal modes.

In this paper we are at first concerned with the same

problem Henry and Szabo faced. We will show in this paper
that by carrying out the normal mode analysis not in the
Cartesian coordinate space but in the dihedral angle space
~DAS!, and by interpreting linear motions of normal modes
in DAS into curved atomic motions in the Cartesian coordi-
nate space, the problem of artificial distance changes can be
avoided and no special trick is needed for calculatingS2.

The developed mathematically natural method is then
applied for calculation ofS2 in a small globular protein
BPTI, and the results are compared with numerically ob-
tained simulated values. The results of comparison indicates
that for pairs of spins separated by up to about ten interven-
ing covalent bonds, values ofS2 can be well reproduced by a
formula involving thermal mean-square amplitudes of DAS
normal mode variables. This fact promises us a hopeful path
to development of a theoretically natural new method of pro-
tein structure determination from NMR data. For pairs of
spins separated by a larger number of intervening covalent
bonds, formula developed in this paper becomes more ap-
proximate.

II. THEORY

A. The model-free approach

The relaxation due to dipole–dipole interaction between
a pair of nuclei can be described by the correlation
function8,10,11

Cm~ t !5K Dm0
~2!* @VLF~0!#Dm0

~2!@VLF~ t !#

r 3~0!r 3~ t !
L ~1!

5E E dVdV8drdr8
Dm0

~2!* ~V!

r 3
peq~V,r !

3
Dm0

~2!~V8!

r 83
peq~V8r 8;tuVr ;0!, ~2!

whereDmn
(2)~V! is the Wigner rotation matrix element, the

polar anglesVLF specify the orientation of the unit vector
mLF connecting the two nuclei, for example C

13 and H, in the
laboratory coordinate system,r is the distance between the
two nuclei,peq~V,r ! is the equilibrium probability distribu-
tion, and peq(V8r 8;tuVr ;0) is the conditional probability
that, when the polar angles and the distance areV and r at
time 0, they areV8 and r 8 at time t. Note that, whenn50,
Dmn
(2)~V! depends only on the polar angles, not on all three of

the Euler angles.
The direct and cross relaxation rates are given in terms

of the spectrum densityJm~v! defined by12,13

Jm~v!52E
0

`

cos~vt !Cm~ t !dt. ~3!

When internal motions are assumed to be decoupled
from the overall motion of the molecule and also the overall
motion is assumed to be isotropic, the correlation function of
Eq. ~1! ceases to depend on suffixm, and~hence by dropping
suffix m! is given by10
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C~ t !5
1

5
expS 2

t

tM
DCin~ t !, ~4!

Cin~ t !5 (
n522

2 K Dn0
~2!* @VMF~0!#Dn0

~2!@VMF~ t !#

r 3~0!r 3~ t !
L , ~5!

whereVMF are the polar angles in the frame attached to the
molecule~M-frame!. Equation~5! is a general expression for
the internal correlation function~hence suffix in! which char-
acterizes NMR relaxation due to the internal motion in a
protein.

In the model-free approach proposed by Lipari and
Szabo,8,9 the time course of the internal correlation function,
Eq. ~5!, is assumed to have the following form:

Cin~ t !5S̃21~^r26&2S̃2!e2t/te, ~6!

where S̃2 is the value ofCin(t) for t5` and is called the
generalized order parameter,^r26& is the value ofCin(t) for
t50, and te is the effective correlation time. Thus, in the
model-free approach, NMR experimental data are interpreted
in terms of the three parameters,tM , te , andS̃

2.
In cases of relaxation between covalently bonded two

nuclei, for example, Ca–Ha and N–HN, internuclear distance
r can be assumed to be constantr5R. In such cases it is
convenient to define the following orientational~hence suffix
o! correlation function:

Cin,o~ t !5R63Cin~ t !5 (
n522

2

^Dn0
~2!* @VMF~0!#

3Dn0
~2!@VMF~ t !#&. ~7!

In the model-free approach the orientational correlation func-
tion, Eq. ~7!, is approximated to have the following form:

Cin,o~ t !5S21~12S2!e2t/te. ~8!

If ~a! overall motion is considerably slower than the in-
ternal motion (te!tM), ~b! the internal motion is in the
extreme narrowing limit@~tev!2!1# and~c! te is very small,
the spectrum density is given by

J~v!5
2

5R6 F S2tM
11~vtM !2G . ~9!

Equation~9! includes onlyS2 as the effect of internal mo-
tions. An expression corresponding to Eq.~9! for cases of
variable internuclear distances can be derived from Eq.~6! as

J~v!5
2

5 F S̃2tM
11~vtM !2

G . ~10!

These expressions are usually used in so-called ‘‘back calcu-
lation’’ in the structure refinement procedure of
biomolecules.14

When the expression of Eq.~10! is valid, the dynamic
correction factor defined by the ratio~g! of the ~direct or
cross! relaxation rate constants for mobile and rigid proton
pairs, which is given by a linear sum ofJ~v! at a few differ-
entv’s, is given by

g5
Gdyn

Gstat
5R6S̃2, ~11!

whereGdyn corresponds to the dynamically averaged rate and
Gstat is the rate calculated from the static structure~the energy
minimized structure in this study!. If no internal motion ex-
ists, the ratiog is 1. When the internuclear distance is con-
stant r5R as in the case of Ca–Ha spin pairs, this ratio
reduces to the generalized order parameterS2. In this work
we treat cases of the fast internal motion for which NMR
relaxation can be treated based on the Lipari–Szabo model.

B. Expressions for generalized order parameter

Henry and Szabo developed a formalism for calculation
of the order parameter based on NMA.15 We start our treat-
ment from their formalism. Henry and Szabo used a 333
Cartesian tensor that had been previously introduced by
Sykoraet al.,16

Foi j5
r i r j
r 2

, ~12!

where r i ~or r j ! is M-frame x, y, or z component of the
vectorr which connects the two nuclei. Using this tensor the
internal correlation function of Eq.~7! can be transformed
to15

Cin,o~ t !5 3
2 tr^Fo~ t !Fo~0!&2 1

2 tr^Fo~ t !&•tr^Fo~0!&.
~13!

The generalized order parameterS2 is the value ofCin,o(t) at
t5`,

S25Cin,o~`!5 3
2 tr~^Fo&

2!2 1
2 ~ tr^Fo&!2. ~14!

Similarly the generalized order parameterS̃2 is expressed by

S̃25Cin~`!5 3
2 tr~^F&2!2 1

2 ~ tr^F&!2, ~15!

where

F i j5
1

r 3
Foi j5

1

r 3
r i r j
r 2

. ~16!

Note that the quantities~1/r 3! and (r i r j /r
2) in Eq. ~16! are

influenced by distance fluctuation and orientational motion,
respectively.

Following Sykoraet al.,16 the vectorr at one instanta-
neous time is written by

r5R1D, ~17!

whereR is the mean position of vectorr andD is an instan-
taneous displacement vector. Then Eq.~12! becomes

Foi j5
~Ri1D i !~Rj1D j !

~R1D!~R1D!

5
@z i1~D i /R!#@z j1~D j /R!#

112~(kzkDk!/R1~(kDkDk!/R
2 , ~18!
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wherei and j indicatex, y, or z, R is the norm of the vector
R, and z i5Ri /R. The right-hand side of Eq.~18! can be
expanded into a Taylor series up to second order inD/R
whenDi /R!1 is assumed. Then̂Fo& becomes

^Foi j&5z iz j1
1

R S z i^D j&1z j^D i&22z iz j(
k

zk^Dk& D
1

1

R2 F ^D iD j&2z iz j(
k

^DkDk&

14z iz j(
k,l

zkz l^DkD l&22S z i(
k

zk^D jDk&

1z j(
k

zk^D iDk& D G . ~19!

The right-hand side of Eq.~16! can also be expanded by
using

r5R1
~R•D!

R
1
1

2

~D•D!

R
2
1

2

~R•D!2

R3 1••• ~20!

to have the second order expression for the ensemble average
of the tensorFi j ,

^Fs.o.i j &5
1

R3 H z iz j1
1

R S z i^D j&1z j^D i&

25z iz j(
k

zk^Dk& D 1
1

R2 F ^D iD j&

2
5

2
z iz j(

k
^Dk

2&1
35

2
z iz j(

k,l
zkz l^DkD l&

25S z i(
k

zk^D jDk&1z j(
k

zk^D iDk& D G J .
~21!

Up to this point derivations of equations are conceptu-
ally simple. Complication starts at this point. Henry and
Szabo noted that, when values of^Di&50, which are to be
obtained by Cartesian coordinate NMA, are used, Eq.~21!
leads to unphysical results. Their reasoning is essentially
based on recognition that Eq.~20!, by the use of which Eq.
~21! was derived, leads to an unphysical result^r &ÞR when
applied for a case of fixed internuclear distance ofr5R. This
strange phenomenon that the mathematically sound expres-
sion of Eq.~20! yields an unphysical result reveals that the
basic assumption underlying the Cartesian coordinate NMA
is incompatible with the second order expansion of Eq.~20!.
In fact, in the normal mode analysis in the Cartesian coordi-
nate space, all atomic motions in each normal mode are lin-
ear in space, thus inevitably involving bond length changes
even for covalently bonded atom pairs.

In order to avoid the unphysical results noted by Henry
and Szabo, it appears reasonable to carry out NMA in the
internal coordinate space. Due to the spirit of NMA, each
normal mode is a linear motion in the internal coordinate
space, but, when translated into motions in the Cartesian

coordinate space, it should be a curved one.17 In this paper
we will show that, by calculating such curved motions accu-
rately up to the second order, mathematically consistent and
physically sound results can be obtained.

However, Henry and Szabo tried still to use the result of
the Cartesian coordinate NMA. In order to avoid the un-
physical results they proposed~instead of improving the
treatment of NMA! to use instead of Eq.~20! the first order
expansion ofr ,

r5R1
~R•D!

R
~22!

in the factor of~1/r 3! in Eq. ~16! to obtain a second order
expansion expression ofFi j . Thus, the result is

^F f.o.i j &5
1

R3 H z iz j1
1

R S z i^D j&1z j^D i&

25z iz j(
k

zk^Dk& D 1
1

R2 F ^D iD j&

2z iz j(
k

^Dk
2&116z iz j(

k,l
zkz l^DkD l&

25S z i(
k

zk^D jDk&1z j(
k

zk^D iDk& D G J ,
~23!

where the subscript f.o. emphasizes the use of first order
expansion ofr . Use of a mathematical trick in derivation of
Eq. ~23! must be clearly noted.

Equations~21! and~23! are now at our hand to calculate
the order parametersS̃2 by NMA.

C. Normal mode analysis in the dihedral angle space

For the reason discussed above, we will now consider
NMA in internal coordinate space~ICS!. In this paper we
will carry out NMA in a subspace of ICS, i.e., the dihedral
angle space~DAS! in which bond lengths and bond angles
are treated as kept fixed.

In simulation in DAS, it is necessary to remove six de-
grees of freedom for translation and rotation of the molecule.
This procedure is attained by requiring that atomic coordi-
natesya always give the minimum of the sum of mass-
weighted square deviations,

E5(
a

ma~ya
02ya!

2 ~24!

from position vectors~ya
0! of a reference conformation.18–20

Herema is mass of atoma, and the summation is taken over
all atoms in the molecule.

A second order formula,

Dya5(
a

kaaDua1 1
2 (

a,b
LaabDuaDub ~25!

for conversion from a linear motion in DAS to a curved
motion in Cartesian coordinate space~CCS! has been de-
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rived recently by requiring the condition of Eq.~24!.17 Sum-
mation is taken over variable dihedral angles in the mol-
ecule. Explicit analytic expressions for the coefficients are
given in Ref. 17. If the second order terms in Eq.~25! are
neglected, then we obtain the formula for linear conversion,

^Dyai&50 ~26!

and

^DyaiDyb j&5(
a,b

kaiakb jb^DuaDub&. ~27!

Here botha andb refer to atoms in the molecule andi , j are
x, y, or z component. Use of these formula will yield the
unphysical results noted by Henry and Szabo, which will be
shown later. When second order terms are retained, we have

^Dyai&5 1
2 (

a,b
La iab^DuaDub&, ~28!

^DyaiDyb j&5(
a,b

kaiakb jb^DuaDub&1 1
4 (

a,b,g,d

3LaiabLb jgd^DuaDubDugDud&. ~29!

Equation~28! shows shifts of mean position due to curved
motion. A precise formula for Eq.~29! should also have
fourth order terms involvingkaiaDua and ~not yet obtained!
third order terms in the expansion of Eq.~25!. Previous nu-
merical calculation indicated that such fourth order terms can
be neglected numerically.

III. METHODS

The normal mode analysis~NMA ! was carried out for a
globular protein BPTI following the standard procedure.21

The coordinate set of atoms in BPTI was taken from 4PTI
~Ref. 22! in Protein Data Bank~PDB!.23 After regularization
of the coordinates, conformational energy was minimized
with the empirical parameter set ECEPP.24 Then, NMA was
carried out and quantities necessary to calculate NMR order
parameters, i.e., eigenvalues, eigenvectors,K-matrix, and
L-matrix, were obtained. We also have carried out a Monte
Carlo conformation sampling in DAS by assuming a har-
monic potential energy surface around the minima for which
NMA is carried out. Order parametersS2 and S̃2 are calcu-
lated directly, i.e., without using the Taylor expansion by
using sampled 450 000 conformations of BPTI. In both
NMA and Monte Carlo simulation, thermal averages were
taken atT5300 K.

IV. RESULTS

Order parametersS2 and S̃2 are calculated for various
cases by using different approximations. It is convenient to
discuss separately the two cases of constant internuclear dis-
tances and variable internuclear distances. When internuclear
distance is constantr5R, we should physically expect the
following relation:

S25S̃23R6. ~30!

Even when internuclear distance is variable, the quantity
S̃23R6 has the meaning of the dynamic correction factor of
Eq. ~11!, whereR is the internuclear distance in an assumed
rigid conformation of the molecule. For this reason, when we
present results ofS̃2, we will give S̃23R6, whereR is either
a constant value of internuclear distance or its value at mini-
mum energy conformation~MEC! for variable internuclear
distance. Various approximations examined are summarized
in Table I, and will be described in detail below.

A. Ca–Ha spin pairs: Cases of constant nuclear
distance

Let us start with examination of the discussion and the
proposal of Henry and Szabo.15 They proposed a method of
calculatingS2 or S̃23R6 by the Cartesian coordinate NMA.
The Cartesian coordinate NMA corresponds to using the lin-
ear relations of Eqs.~26! and ~27!. For the calculation of
S̃23R6, they proposed to use a special expression of Eq.~23!
instead of more natural Eq.~21!. To examine this point, we
plotted calculated results ofS2, S̃f.o.

2 3R6 and S̃s.o.
2 3R6 for

Ca–Ha spin pairs in Fig. 1. We see that Eq.~30! does not
hold, when the natural expression of Eq.~21! is used to cal-
culate S̃2 ~the unphysical result!, but does hold, when the
special formula of Eq.~23! is used instead. This result may
appear to indicate that the use of Eq.~23! cures the problem

TABLE I. Plots in Figs. 1–6.

Conversion
from DAS
to CCS

S2

Eq. ~19!
S2

Eq. ~12!
S̃f.o.
2 3R6

Eq. ~23!
S̃s.o.
2 3R6

Eq. ~21!
S̃23R6

Eq. ~16!

Linear
Eqs.~26! and ~27!

a b c

Curved~2nd order!
Eqs.~28! and ~29!

d e f

Precise numerical
Calculation
~MC result!

g h

Figure 1: a,b,c Figure 4: b,f,h
Figure 2: d,e,f Figure 5: b,f,h
Figure 3: a,d,g Figure 6: b,f

FIG. 1. S2 andS̃23R6 for Ca–Ha spin pairs in nonglycyl residues of BPTI
calculated by using the linear relations of Eqs.~26! and ~27!. Orientational
order parameterS2 ~* !, S̃f.o.

2 3R6 ~dotted line!, andS̃s.o.
2 3R6 ~solid line!.
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existing in the use of Cartesian coordinate NMA in Eq.~21!.
In fact, we can show the relation of Eq.~30! analytically for
a case of constantr5R. In such a case we haveR•D50.
When this relation is used in Eq.~16!, we can deriveFoi j

5 R3F f.o.i j , henceS
25S̃f.o.

2 3R6. This agreement does not of
course prove validity of Eq.~23!. As indicated in Sec. II,
more essential problem exists in the use of the linear rela-
tions of Eqs.~26! and ~27!.

Next, we calculatedS2 and S̃23R6 by using the curved
relations of Eqs.~28! and ~29!. The results shown in Fig. 2
indicate that the relation of Eq.~30! is recovered when the
natural relation of Eq.~21! is used together with the curved
relations of Eqs.~28! and ~29!. This means that the ‘‘un-
physical result’’ pointed out by Henry and Szabo does not
have its root in Eq.~21!, but in the use of Cartesian coordi-
nate NMA result, as they have already noted in their paper.

We also checked that the second order expansion inD/R
in Eq. ~19! is valid for these cases of Ca–Ha spin pairs.
Figure 3 shows that the calculation of orientational order
parameterS2 via Eq. ~19! by NMA is sufficient to reproduce
the results from the Monte Carlo calculation. As long asS2 is
concerned, simple use of the linear relations of Eqs.~26! and
~27! works for constant distance cases in a practical sense.

B. H–H spin pairs: Cases of variable nuclear distance

In this section we consider two approaches to calculate
g5S̃23R6, the linear relations of Eqs.~26! and~27! with Eq.
~23! as proposed by Henry and Szabo and the curved rela-
tions of Eqs.~28! and~29! with Eq. ~21!. At first we consider
the cases of HN( i ) –Ha( i ) and Ha( i ) –HN~i11! ~i , residue
number!. Distances between these proton pairs are variable,
because there are one and two variable dihedral angles in
between, respectively. As shown in Fig. 4, both the linear
relations of Eqs.~26! and ~27! with Eq. ~23! and the curved
relations of Eqs.~28! and ~29! with Eq. ~21! can reproduce
well the values of Monte Carlo simulation. However, in Fig.
5, we see non-negligible discrepancies between results from
the linear relations and the numerical calculation, but the
agreement between those from the curved relations and the
numerical calculation is good. The difference between Fig. 4
and Fig. 5 may be attributed to more complex motion of the
interspin vector in Fig. 5 due to one more variable dihedral
angle. Generalizing this tendency, we expect that the values
of g calculated by the method of Henry and Szabo becomes
worse as the number of intervening variable dihedral angles

FIG. 2. S2 andS̃23R6 for Ca–Ha spin pairs in nonglycyl residues of BPTI
calculated by using the curved relations of Eqs.~28! and~29!. Orientational
order parameterS2 ~* !, S̃f.o.

2 3R6 ~dotted line!, andS̃s.o.
2 3R6 ~solid line!.

FIG. 3. S2 values for Ca–Ha spin pairs in nonglycyl residues of BPTI
calculated by Eq.~19! and the linear relations, Eqs.~26! and ~27! ~dotted
line!, calculated by Eq.~19! and the curved relations, Eqs.~28! and ~29!
~solid line!, and calculated directly by Eq.~12! and Monte Carlo simulation
~* !.

FIG. 4. g5S̃23R6 for HN( i ) –Ha( i ) spin pairs calculated by Eq.~23! and
the linear relations of Eqs.~26! and ~27! as proposed by Henry and Szabo
~broken line!, calculated by Eq.~21! and the curved relations of Eqs.~28!
and ~29! ~solid line!, and calculated directly by Eq.~16! and Monte Carlo
simulation~* !.

FIG. 5. g5S̃23R6for Ha( i ) –HN~i11! spin pairs calculated by Eq.~23! and
the linear relations of Eqs.~26! and ~27! as proposed by Henry and Szabo
~broken line!, calculated by Eq.~21! and the curved relations of Eqs.~28!
and ~29! ~solid line!, and calculated directly by Eq.~16! and Monte Carlo
simulation~* !.
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~NIVDA ! increases. To see also how our method of using the
curved relations of Eqs.~28! and~29! together with Eq.~21!
works for various spin pairs, values ofg are calculated for
304 proton–proton spin pairs which belong to different resi-
dues and whose internuclear distance is less than 3 Å in the
minimum energy conformation. Figure 6 represents average
errors~%! of the values ofg relative to the precise numerical
values~MC results! in each NIVDA ~from 2 to 15!. We see
that, for NIVDA<14, our method works with average errors
less than several percent, while the method of Henry and
Szabo becomes increasingly worse as NIVDA becomes
large. Figure 7 shows distribution of values of relative errors

in 131 proton–proton pairs whose NIVDA is between 2 and
10. We see that, for these cases of NIVDA, our method gives
errors mostly less than a few percent. However, also our
method gives large average errors for large NIVDA~>15! as
shown in Table II. This table summarizes values of average
errors for various ranges of NIVDA.

V. CONCLUSIONS AND DISCUSSION

In this paper we studied validity of various formulas to
calculate the generalized order parametersS2 ~for cases of
fixed internuclear distances! or S̃23R6 ~for cases of variable
internuclear distances! in terms of thermal mean-square fluc-
tuations of normal mode variables.

Two types of normal mode analysis are considered, one
carried out in the Cartesian coordinate space~CCS! and the
other in the dihedral angle space~DAS!. Atomic motions in
each CCS normal mode is linear in space. This causes
changes of internuclear distances even between spins of co-
valently bonded atoms. Hence, CCS normal modes give us a
rather approximate picture of atomic motions in a protein.
Each DAS normal mode is linear in the dihedral angle space.
But, such linear motion can cause curved atomic motion in
the Cartesian coordinate space. We developed two types of
formulas to interpret linear normal mode motion in DAS to
atomic motions in CCS, one which is linear in CCS@Eqs.
~26! and ~27!# and the other which is curved@Eqs.~28! and
~29!#. If we use the formula for linear interpretation, the DAS
normal mode analysis is essentially the same as the CCS
normal mode analysis.

Henry and Szabo have previously shown that for calcu-
lation of S̃23R6, a special formula@Eq. ~23!# must be used
to obtain physically reasonable results. This formula was de-
vised by using a trick to compensate the artificial distance
changes caused by linear atomic motions in CCS normal
modes. We have shown that, when we use DAS normal
modes and interpretation of them into curved atomic motion
in the Cartesian coordinate space, Eqs.~28! and~29!, then a
mathematically natural formula@Eq. ~21!# gives physically
reasonable results. We have further shown that this formula
together with the curved DAS normal modes can be used to
reliably calculateS̃23R6 for pairs of spins of atoms sepa-
rated by up to 10 intervening covalent bonds, while the
method proposed by Henry and Szabo gives numerically rea-
sonable results only for cases of spin pairs separated by no or
one intervening covalent bond.

FIG. 7. Distribution of values of relative errors in 131 pairs in the range of
proton–proton 2<NIVDA<10. The results calculated by Eq.~21! and the
curved relations of Eqs.~28! and ~29! ~a!, and those calculated by Eq.~23!
and the linear relations of Eqs.~26! and ~27! as proposed by Henry and
Szabo~b!.

FIG. 6. Average error of the values ofg relative to the precise Monte Carlo
numerical values. Forg calculated by Eq.~23! and the linear relations of
Eqs.~26! and~27! as proposed by Henry and Szabo~broken line!, calculated
by Eq. ~21! and the curved relations of Eqs.~28! and ~29! ~solid line!.
Results are shown for each case of NIVDA, the number of intervening
variable dihedral angles~from 2 to 15!.

TABLE II. Average errors~%! of the value ofg relative to the precise
numerical values for various ranges of NIVDA.a

Number of Average errors~%!

NIVDA a spin pairs bb f b

2–10 131 6.31 1.10
11–50 70 42.3 13.7
51–100 71 43.2 15.8
100– 32 160 136

aThe number of intervening variable dihedral angles.
bThe same notation as in Table I.
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Summarizing the above, we have attained our aim of
developing a theoretically sound method of calculating the
NMR order parameterS̃23R6 by the normal mode analysis.
This method enables us to calculate the order parameter re-
liably for spin pairs separated by up to about 10 intervening
covalent bonds.

The above success has been attained only by carrying
out the normal mode analysis in DAS, i.e., by a treatment in
which bond lengths and bond angles are fixed. It should be
stressed that, even though normal mode analyses in CCS and
DAS are equivalent to each other within the linear range,25,26

the DAS normal modes have more pieces of information
about curved motions. This fact puts us in a paradoxical
situation, because Bru¨schweiler27 has shown that such high
frequency motions involving changes of bond lengths and
bond angles that must be treated quantum mechanically have
significant effects on the order parameters. This situation
suggests that we should do~1! the DAS normal mode analy-
sis for low frequency modes in a protein and~2! the CCS
normal mode analysis for high frequency modes. Because
high frequency modes are localized in a relatively small
number of atoms, we may be able to develop a formulation
in which CCS normal mode analysis can be carried out not
for a whole protein molecule but for small local fragments of
the molecule.
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27R. Brüschweiler, J. Am. Chem. Soc.114, 5341~1992!.

4775Sunada, Go, and Koehl: NMR order parameters in proteins

J. Chem. Phys., Vol. 104, No. 12, 22 March 1996

Downloaded¬04¬Oct¬2002¬to¬171.65.17.204.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp


